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Introduction. An efficient technique of tensor field scalariza- 
tion is successfully used while investigating tensor elastic 
fields of displacements, stresses and deformations in the lay- 
ered structures of different materials, including transversally 
isotropic composites. These fields can be expressed through 
the scalar potentials corresponding to the quasi-longitudinal, 
quasi-transverse, and transverse-only waves. Such scalariza- 
tion is possible if the objects under consideration are tensors 
relating to the subgroup of general coordinate conversions, 
when the local affine basis has one invariant vector that coin- 
cides with the material symmetry axis of the material. At this, 
the known papers consider structures where this vector coin- 
cides with the normal to the boundary between layers. Howev- 
er, other cases of the mutual arrangement of the material 
symmetry axis of the material and the boundaries between 
layers are of interest on the practical side. 

Materials and Methods. The work objective is further devel- 
opment of the scalarization method application in the bounda- 
ry value problems of the dynamic elasticity theory for the 
cases of an arbitrary arrangement of the material symmetry 
axis relative to the boundary between layers. The present re- 
search and methodological apparatus are developed through 
the general technique of scalarization of the dynamic elastic 
fields of displacements, stresses and strains in the transversally 
isotropic media. 

Research Results. New design ratios for the determination of 
the displacement fields, stresses and deformations in the trans- 
versally isotropic media are obtained for the cases of an arbi- 
trary arrangement of the material symmetry axes of the layer 


materials with respect to the boundaries between layers. 





Beedenue. pu uccheqoBaHuu TeH30pHbIX yIIpyrux Moller 
TlepeMeleHHii, HalipskKeHH HW ZePpopMalHii B CIIOHCTBIX KOH- 
CTPyKUMAX V3 pa3JIMYHbIX MaTepHasiOB, BKJIKOUad TpaHCBep- 
CaJIbHO-H30TpONHbIe KOMIO3HTbI, YCIeWIHO MpHMeHsAeTCA 
oekTHBHBIM MeTO CKaJlapH3allHH TeH30pHBIX Hostel. Jlay- 
HBbIe MOI MOTT OBITS BbIPAKeHLI Yepe3 CKaJIApHble NOTeHIH- 
alIbl, COOTBCTCTBYIOWHe KBa3HIIPOMOJIbHBIM, KBa3HUOMepe4- 
HbIM HM 4YHCTO MOMepedHbIM BOJIHAM. Takad cKaslapH3alua 
BO3MO2%KHA, CCIM paCCMaTpHBaeMbIe OOBEKTHI ABJIAIOTCA TeH- 
30PaMH OTHOCHTeIbHO MOArpynibl oOmjux mpeoOpa3z0BaHHit 
KOOpAMHAT, KOra JIOKaJIbHEIM adPuHHBI Oa3uc HMeeT ODMH 
MHBapHaHTHbIM BeKTOP, KOTOPbIM COBMayaeT C OCbEIO MaTepH- 
ayIbHOHM CHMMeTpHH Matepuasia. IIpu 3TOM B H3BeCTHBIX pado- 
TaX PpaCCMaTPHBAIOTCA KOHCTPYKIUMH, Pye TOT BEKTOP COBIa- 
qaeT C HOpMasIbiO K rpaHule MexKLYy closAMH. OyHakKO, WA 
IIpakTHKH NpeACTaBIAIOT HHTepec UM Apyrve cilyyav B3aHMHO- 
TO pacHoslo2xkeHHA OCH MaTepHasIbHOH CHMMeTpH MaTepuala 
VW TpaHHbl MexK Ly COAMH. 

[lesbo ABJLIeTCA JabHeliee pa3sBuTHe IPHMeHeHHA MeTOya 
CKaJIApH3alluH B rpaHWyHbIx 3ajayax TWHaMMyuecKOH TeopHu 
yUupyrocTu Ha CJly¥aH TPOW3BOJIbHOrO pacioOxKeHHA OCH 
MaTepHasIbHOH CHMMETPHH M0 OTHOMICHHEO K rpaHulle Mex Ly 
CIOAMH. 

Memoovi uccneOo6aHua. II[peqmaraempiii Hay4dHo- 
MeTOWMYeCKHH allmapaT pa3spaboTaH Ha OCHOBe HCIOJIb30Ba- 
Hua OOOOMjeHHOrO MeTONa cCKallapw3alMH WMHaMM4yecKHx 
yiipyrux oyleli WepeMeleHuii, HalpwKeHHH u TedopmMalHii B 
TPaHCBepCaJIbHO-H30TPOMHBIX Cpeslax. 

Pesyiomamel ucciedoeanun. UomyueHbl HOBbIe pac4eTHbIe 
COOTHOMCHHA Id OlpeyeleHua nose lepemMenieHuit, 
HallpwKeHHM H TePopMalluii B TpaHcBepcasIbHO-H30TPOMHBIX 
cpeyax Ha Cily4av MpOW3BOJbHOLO pacioso2xKeHHA Oceli MaTe- 
PHaIbHOH CHMMeTPHH MaTepHasIOB CyIOeB MO OTHOLICHHIO K 


TpaHhllaM MexK Ty CJIOAMH. 
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Discussion and Conclusions. The present research and meth- 
odological apparatus are successfully used in determining the 
stress-strain state in the layered structures of transversally 
isotropic materials, and in analyzing the diagnosis results of 
the state of the plane-layered and layered cylindrical structures 


under operation. 


Keywords: scalarization method, transversally isotropic me- 
dium, acoustic waves, composite materials. 
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O6cyacdenue u  3akmovenun. Tlpeqnaraempiii Hay4Ho- 
MeTOAMYeCKHH allMapaT ycnelwHO MCiOb30BaH UpH ompeye- 
JICHHM Hallps2%KeHHO-ZetOpMupoOBaHHOrO COCTOAHHA B CJIOH- 
CTBIX KOHCTPyKUMAX, BBINIOJIHCHHBIX V3 TPaHCBepcasIbHO- 
W30TPOMHBIX MaTepuasloB, H Ip aHasIM3e pe3yiIbTaTOB jHa- 
THOCTHKH COCTOAHMA MJIOCKOCOMCTBIX H CJIOMCTbIX UMJIMH- 
UpW4eckHX KOHCTPyKUMH, HaXOAAMIMXCA B OKCIUIyaTalMn. 
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Introduction. When investigating the displacement, stress, and strain tensor elastic fields in layered struc- 
tures of various materials, including transversely isotropic composites [1-3], an efficient method for scalarization 
of tensor fields proposed in [4] is successfully used. Then, the checked fields can be expressed through scalar po- 
tentials corresponding to quasi-longitudinal, quasi-transverse, and transverse-only waves, respectively. This sca- 
larization is possible if the objects under consideration are tensors relative to the subgroup of general coordinate 
transformations, when the local affine basis has one invariant vector that coincides with the material symmetry 
axis of the material. Structures where this vector coincides with the normal to the boundary between layers are 
considered in [5]. However, on the practical side, other cases of the mutual arrangement of the material symmetry 
axis of the material and the boundaries between layers are of interest. 

Materials and Methods. The work objective is the further development of the application of the scalari- 
zation method for the boundary problems of the dynamic elasticity theory to the cases of an arbitrary arrangement 
of the material symmetry axis with respect to the boundary between layers. 

At first, in the coordinate system with an admissible reference point, there are components of the dis- 
placement and stress tensors relative to this frame. Then, knowing all the components of the tensor fields in the 
given reference coordinates, we can find the normal and tangential displacement and stress components corre- 
sponding to the area lying on the boundary by passing to the coordinate system associated with the boundary be- 
tween layers. These components are used later to satisfy the boundary problem conditions [5]. 

To dig deeper into the foregoing, we will discuss it in the context of solving problems for the plane- 
layered structures. 

Let us consider the case when the principal symmetry axis of a transversally isotropic material makes an- 
gle a with the normal of the plane boundary surface between the layers (Fig. 1). At this, we assume that the field 


is independent of the coordinate y : 





ad 2 


Fig. 1 Computational pattern 
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Design ratios 
In accordance with [4]: 


(L) (L) 
u,-(9,+8/B.v, Jee] Davy, +25) w+ [e(SkV" -8°V* yy; 


& 
(L) Ze 7 (L) 
o,=(d, g, +4, 878" 486%, +d,V,V,)o+ (1) 


(T) 
+(d, g,V, +d,8! 3y Vv; a av +d, V,V,V,)w+ 


+2,/g[a,(V34V" V5) V*) +4,(8,54V" —8/5" VV, Jv. 


Components of the tensor fields of displacements U; and stresses 6, in the coordinate system associ- 





ated with the anisotropy of the material x”,x“ can be written as follows: 
() 





(L) (L) (L) 7) E? (7) 
U, =1£(D+D,b+(-D, ate)w; 
& 
(T)(T) 
CL) (L) a E 
U, =iB D,o-D, 1 (T) Ww; 
7 (2) 
(L) (L) (ZL) (L) @) (T) (T) (T) (f) (ry @) 
eee (d,+d,)é ]o+i E(d,+d,+d,-d,&)w; 
ee ea 7 1a (® 


a 36 B+ SP 2a ac d,&)w; 
“) wy) 2) @) a) @) 
Ox. =(d,+ d,B )o+i §(d,-d, Bw. 
Here, the potentials of quasi-longitudinal @ and quasi-transverse w waves should satisfy the wave equation 


(1) 
with the corresponding wave number g (g or a ), and they have the form: 


(ZL) 

















b= d,e% ae 
(T) (T) (3) 
w= We e Ex’ e B xX ; 
Where &’ +B’ =9°; (Magy? =6, (4) 
w 
The coefficients D and d entering (2) are determined in [5] and are as follows: 
(L) 
ey gs (C; +Cy) 7 
te ee D : 
ap-h Cy, -(2°-h XC, -C;,-Cy) 
Doss cae a 
pee a p-h (2C,+C,)-(g -h Cc, __ § a 
2 (Z) (L) (Ll) (L) (ZL) () 
he op he Cu (g° hy, Ci3 — Cay) gh’ 
“3 
(T) = 
g (C,+C,,) 
D,= 7) SAR (S) 
o'p—h’(2C,+C,)-(2'-#)C, 
(L) (L) (L) (L) (L) (L) (L) (L) (L) (L) (L) 


d,=-—g° a,-h’ a,(D,+D,); d, =—g° a,—N (2a, D,+a,D,+a, D,); 


(Z) (L) (LI) () (L) (L) 


d, = 2a, D,+2a,(2D,+D,); d,=2a,D,; 
(7) 
7 Mm @ @) Z20 
d, =a, g(1-D,) +a, 8-DD > 
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(T) 





(T) (T) (T) (T) (T) h? (T) 
d, =a, g(I-D,)+2a, g+a;| g-—ZD, |; 
& 
(T) 
(7) (1) (T) (1) p? | (1) | 
d, =2a, g+2a,| g-2D. 5 3d,=2a,D, =; (6) 
& & 
1 1 ; 
a, =C,, —2a, ; a =—(C p= C3): m=—-(C 2G, )+C,+C,=a3 
2 2 
1 
a, =A =Ca)* Casa, =C, +C3 —2(C); +2C,,), (7) 


where C;, are elasticity moduli of the material written down by the contracted index [6-7]. 


In the formulas (5) and (6) for these coefficients: 
cos 9 sin 8 g. 
-_ ——— > = = ain oe. > & = bg 
cos(a + 8) cos(a + 8) cos(a + 8) 
The boundary conditions of the dynamic elasticity problems include the components of displace- 


ments U,, U,, and stresses G.,, G,, written in the coordinate system related to the boundary (Fig. 1). 


The reference coordinates Z , ¥ andx’, x“, u, are interlinked through the relations[8]: 
Zz =-x* sina+x’ cosa; x =x* cosa+x’ sina (8) 
or: 
x* =xcosa—Zsina;x” =xXsina+Zcosa. (9) 
Using relations (8) and (9), from the formulas [5]: 
G2 ee e. (10) 
© ae ax! ax! oe 
where the coefficients with a bar tab refer to the coordinate system z, x (let us call them “new” coordinates), 
and without a bar tab — to the coordinate system x”, x“ (“old” coordinates). 


We can write the components of the displacement U,, U, and stressG,,, G,, fields entering the bounda- 


zz? 


ry conditions through the components (2): 
U, =cosaU, —sinaU, ; 
U, =sinaU, +cosau, ; (11) 


G., =COS’ AG, —SiN2AG , +SiN? ASK, ; 
= 1. . 
S.. = sin 2a(oy ~ xq) + (— 2sin’ O)O jx - (12) 


In the “new” coordinates, the potential functions (3) have the form: 


ad © i ) BX i 

i X¥sina+Z cosa) i Xcosa—Zsina) , 
b = hye e ? 
(PT) (T) 
it (Fsina+z cosa) Gf B (¥cosa—Z sina) 


W=We : 


and the displacements (11) are written as follows: 
(T) () 


=. “om @) _ (7) €2 () (L) L) (7) 2) 
U, =cosafi §(D,+ D,)o+(-D, B+ g)w)- sina{i € D,o+(-D, wt s)w] (13) 
& & 
(T) (T)(T) 
- | @ @ _ (1) 2 (1) OW OER _ 
U, =sina[i(D,+ D,)o+(—D, B+ g)w)+cos oli B D, o-D,-— =a Wl (14) 
& & 


Here, the wave numbers €, 8, g are determined with respect to the “old” frame (Fig. 2). 
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Fig. 2.Wave numbers “relations” diagram 


The wave numbers €, B which are the projections of the vector g onto the “old” frame x”, x“, and the 
wave numbers g,, g, that are the projections of the vector g onto the “new frame” Zz, x are interlinked 


through the following relations: 
__cos0 _ _cos® . ga. sind _ sind : 
sin(a +) = cos(a + 0) a sin(a +0) ee cos(a + 0) Be 





=— Ss = _*: _ (15) 
sin(a+8) cos(a+@) 





Substituting (15) into (14), we obtain expressions for displacements in the “new” coordinates: 





= (L) (L) (Lt) _ (fT) (T) 
U_=ig, yee Te eke a meee : 
: cos(a + 8) ° cos(a + 8) 
— © cosOsina “ ©. sinOcosa.— © sin(a+0)cosd ™ sina __ 
Ci oe ee (16) 
cos(a + @) cos(a + 8) cos(a + 8) cos(a + 8) 


where, in accordance with (13) and (15): 
@)_ ) _ )_ 


b= 6,68 e's WH Wels ee, (17) 
Similarly, using (2), (14), and (15), from (12), we obtain the relations for the stress components ente r- 


ing the boundary problem conditions: 























OO @. oO |, 1] © cosbsind | 25.8 © sin? |. 
G.. = {cos’ afd, +d,—(d,+d,) ————- 2’ ] + sin 2a(—d,+ d, ) —————- 2’ + sin’ a(d, -—d, ————- 2’ )} b+ 
ant La eae ) cos(046) =| G .  o05?(014 6) = @ “cost(ateyer? 
+icos a cos@ ere med : cos’ 0 7) nor sin® a 17 © — ¢cos’@ ya 
cos(a +0) Pee * cos*(a +0) ms cos(a +0) Pea? ‘eae 
: Q (T) (1) (1) 29 © | 
+sin 2a = ig.(d,—-d, — gw; 
cos(a + @) cos’ (a + 8) 
1. ® © © e960 © © gin? QQ © : 14 © eosOsind “”. — 
o.. = {sin 2a0[d,—(d,+ d,) ————- 2” >]-(1-2sin’ a)(—d,+d Vbt 
as 5 da (4s ) cos(a+6) = * cos(a+0) °"! ( NG . *cost(a+0)e2?* 
(T) (7) () 2Q_ cin2 Q ©) ; (T) (fT) 2 (T) 
4 gin pO? ia gg, oO dainty gg, — oye (18) 
2 cos(a + 0) cos‘(a+0) ~~ cos(a+0) 2 cos’ (a +0) 


Thus, the displacement and stress components entering the boundary conditions (the coordinate sys- 
temzZ, x is associated with the boundary) are determined by the relations (16) - (18) where the projections of 


the wave vector g in the coordinate systemsZ, ¥ and x’, x* are linked through the relations (15). 


The matrices C describing the wave properties of the layers [9-10] used in [5] and being the key ele- 
ments in the development of concrete solutions to the boundary problems in the layered structures in this case, 


when the axesZ, x form the angle ao with the frame components @”, @* , have the form: 


om i . (19) 
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where 
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C 7) sin(a+8)cos @ sina |. 
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. cos8 3) ) © OT © Eos*Q sn6 © 1 ©  ¢os’@ 
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oD ve 
a coss6 © © sin? % 
+sin” a ig (d, g)s 


cos(a+@) ~* * cos*(a+0)°" 


1 Oo © © ese © © ginr?fof © 1% © cosOsind “ 
C,, =—sin2o[d,—(d,+ d,) ———"—- *]-(1-2sin’ a)(—d,+d a 
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(T) 
g:)- (21) 


U 3 4 9 Zz 
cos(a+0) 2 cos’ (a +8) 


Where a =0, the elements (21) of the matrix C coincide with the corresponding elements of this ma- 











trix for the case of coincidence of the normal to the boundary and the material symmetry axis direction that are 
represented by the formulas (3.82) in [5]. If a= > then we get the case when the symmetry axis of the materi- 


al is tangent to the boundary surface, and the formulas (21) coincide with the expressions (3.89) - (3.91) in [5]. 
Knowing the expressions for matrices C , one can construct solutions to various problems using the research 
and methodological apparatus described in [5]. 
Conclusions. The present research and methodological apparatus were successfully used for determining the 
stress-strain state in the layered structures made of transversely isotropic materials, and for analyzing the diagnostics 
results of the state of flat-layered and layered cylindrical structures in operation. 
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